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notes!

7.1 Motivation

We wish to 
onsider the following question: How many random examples does a learning

algorithm need to draw, before it has suÆ
ient information to learn an unknown target


on
ept 
hosen from the 
on
ept 
lass C?

In le
ture 3, we presented the PAC learning model and proved some lower bounds on

the number of examples required for PAC learning in several hypothesis 
lasses (of various

sizes ln jCj). In the previous le
ture, we introdu
ed the de�nition of the VC-Dimension and

explored a number of examples.

In this le
ture we will dis
uss the 
onne
tion between the VC-Dimension and learning,

and show how the VC-Dimension of a hypothesis 
lass C 
an be used to derive the lower

and upper bounds on the number of examples required. The 
on
ept of the VC-Dimension

will also provide us a substitute to ln jCj as a parameter to determine the sample size, for

in�nite 
on
ept 
lasses.

7.2 The PAC Model - Review

In the PAC Model we assume there exists a distribution D on the examples that the learner

re
eives; i.e. when 
hoosing an instan
e from the sample it is drawn a

ording to D. We

assume that distribution has the following 
hara
teristi
s:

1. Fixed throughout the learning pro
ess.

2. Unknown to the learner.

3. The instan
es are 
hosen independently.

The target 
on
ept is spe
i�ed as a 
omputable fun
tion 
(x), thus our instan
es are of the

form <x; 
(x)>. Our goal is to �nd a fun
tion h from H whi
h is a good approximation of
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 with respe
t to D, in the following sense:

Let

error(h; 
) = Prob

D

[
(x) 6= h(x)℄:

We would like our algorithm, with a high probability (1 � Æ), to �nd a hypothesis h, su
h

that this error is smaller than a 
ertain threshold �. That is, we require that the following

hold:

Prob[error(h) < �℄ � 1� Æ:

� (the error threshold) and Æ (a measure of our 
on�den
e in the out
ome of the learning

pro
ess), are given as parameters to the algorithm. We also assume that the hypothesis

spa
e H, in
ludes su
h an hypothesis whi
h is a good approximation of the fun
tion 
(x).

7.3 The VC-Dimension - Review

7.3.1 De�nitions

We start with few de�nitions. Assume C is a 
on
ept 
lass de�ned over instan
e spa
e X.

We 
an asso
iate a 
on
ept 
 over X with a set (all the examples in X on whi
h 
 returns a

positive 
lassi�
ation).

Let S � X be a subset of X. We 
an de�ne the proje
tion of C over the subset S as

follows:

De�nition For ea
h 
on
ept 
lass C over X and for any subset S � X:

�

C

(S) = f
 \ Sj
 2 Cg

Equivalently, if S = fx

1

; : : : ; x

m

g then we 
an think of �

C

(S) as the set of ve
tors and �

C

(S)

is de�ned by:

�

C

(S) = f< 
(x

1

); : : : ; 
(x

m

) > j
 2 Cg

In e�e
t we are redu
ing the 
on
ept 
lass C into the 
on
ept 
lass CjS, where S =

fx

1

; :::; x

m

g.

Clearly, The 
on
ept 
lass CjS is �nite with at most 2

m

di�erent 
on
epts (as there are

at most 2

m

di�erent ve
tors of size m) , thus:

j�

C

(S)j � 2

m
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De�nition A 
on
ept 
lass C shatters S if j�

C

(S)j = 2

m

, or in other words a 
on
ept 
lass

shatters a set of inputs if every possible fun
tion on the input appears in �

C

(S).

Now we are ready to de�ne the notion of VC dimension.

De�nition VC-dim(C) (Vapnik-Chervonenkis dimension) of C is the maximum size of a

set S that is shattered by C:

V Cdim(C) = maxfd : 9S : jSj = d and j�

C

(S)j = 2

d

g:

If C shatters set of arbitrary large size sets (i.e su
h a maximum as above does not exist) we

de�ne V Cdim(C) to be in�nity.

>From the bound on VC-dim above (j�

C

(S)j � 2

m

), we 
an also derive that for a �nite


lass:

V C � dim(C) � log jCj

7.4 Lower Bounds

7.4.1 Stati
 Learning Model

De�nition The stati
 learning algorithm has the following 
hara
teristi
s:

� It asks for a sample of size m(�; Æ)

� It 
hooses it's hypothesis (based on the sample it got).

The main limitation is that the algorithm 
annot update the number of ne
essary examples

after it re
eives the sample in step 1.

In the following theorem for the stati
 learning model, we show that if V Cdim = 1, then

no stati
 algorithm exists. Namely, there is no algorithm that 
an use a sample size whi
h

depends only on � and Æ for 
lasses of in�nite VC-dimension.

Theorem 7.1 If a 
on
ept 
lass C has V Cdim(C) = 1 then C is not learnable by any

stati
 learning algorithm.

Proof: The proof is by 
ontradi
tion. We will set � and Æ as follows: � =

1

10

; Æ =

1

10

.

Let m = m(

1

10

;

1

10

) and let A be a stati
 algorithm that learns C using m examples. Based

on our assumption that C has in�nite dimension (V Cdim(C) =1), there exist 2m points,

z

1

; :::z

2m

, whi
h C shatters. Let T = fz

1

; :::; z

2m

g.
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Sin
e a PAC learning algorithm should hold for any distribution, we 
an de�ne the

distribution D as follows:

D(x) =

(

1

2m

x 2 T

0 otherwise

Thus D is a uniform distribution over T (and 0 elsewhere).

Sin
e T is shattered by C, then any 
on
ept is possible. Thus, we shall 
hoose a 
on
ept 


t

as follows:




t

(x) =

(

1 or 0 with probability

1

2

x 2 T

never mind otherwise

There exists a 


t

2 C whi
h �ts the random 
hoi
e, be
ause C shatters T .

Let the learning algorithm A samples m points: B = fx

1

; :::; x

m

g (drawn a

ording to D),


learly jBj � m.

Let h be the hypothesis whi
h the algorithm A outputs. Sin
e we have no data on the


lassi�
ation of the points not sampled by the algorithm, we will 
hoose it's value to be 0 or

1, randomly. Thus, for every point, z

i

=2 B, the probability that h makes an error is

1

2

, i.e.

Pr[


t

(z

i

) 6= h(z

i

)℄ =

1

2

Computing the expe
ted error for h gives,

E[error(h)℄ � m �

1

2

�

1

2m

=

1

4

� m - at least m points were not seen (the number of points not in B)

�

1

2

- Probability of error.

�

1

2m

- Probability of z

i

.

We still must show that with a probability >

1

10

(Æ) we have an hypothesis, whose error is

>

1

10

(�). Let,

1� Æ = � = Prob[error(h) �

1

10

℄

We 
an bound � as follows,

1

4

� E[error(h)℄ � � �

1

10

+ (1� �) � 1 = 1�

9

10

� �

Hen
e,

� �

5

6

Thus we have rea
hed a 
ontradi
tion to our assumption that � �

9

10

.

Therefore, we had showed, that if V Cdim(C) = 1, there is no integer m su
h that it is

suÆ
ient to sample m examples and guarantee PAC learning with � =

1

10

and Æ =

1

10

. 2
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7.4.2 Lower Bound - Feasible

We will now show, in a similar manner, that a lower bound 
an also be found for a �nite

VC-dimension.

Theorem 7.2 If C is a 
lass for whi
h V Cdim(C) = d+ 1, then

m(�; Æ) = 
(

d

�

)

(this bound makes sense intuitively: the sample size should in
rease when d in
reases or

when � de
reases)

Proof: Let T = fz

0

; z

1

; :::; z

d

g, su
h that C shatters T . We know that su
h a group

exists, be
ause V Cdim(C) = d+ 1.

In this 
ase, we will not use a uniform distribution as we did in the previous proof, but

instead, we shall de�ne D as follows:

We will set the probability of the point z

0

to 1� 8�, and de�ne the probability for ea
h

z

i

(i > 0) to be

8�

d

. Formally:

D =

8

>

<

>

:

1� 8� x = z

0

8�

d�1

x = z

i

; i > 0

0 otherwise

Again, we will 
hoose 


t

randomly as follows:




t

(x) =

8

>

<

>

:

1 x = z

0

1 or 0 with probability

1

2

x = z

i

; i > 0

never mind otherwise

As before, we will ask, how many samples are ne
essary, under this distribution, in order

to re
eive

d

2

of the z's. Let's assume that the learner, "knows" only

d

2

di�erent points of z

i

,

i > 0, then:

E[error(h)℄ �

d

2

�

1

2

�

8�

d

= 2�

Let,

1� Æ = � = Prob[error(h) � �℄

Then:

2� � E[error(h)℄ � ��+ (1� �) � 1

And we get:

� �

1� 2�

1� �

= 1�

�

1� �

:
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So if we 
hoose Æ = 1� � <

�

1��

, we will fail.

2

The question is, how many examples 
an we draw, and still, with a high probability,

sample less than

d

2

points. If we take m examples, the expe
tation of the number of points

from fz

1

; :::; z

n

g is m �

8�

d

�d = 8m�. In order to get less than

d

2

points we will require

d

2

� 8m�.

We get:

m(�; Æ) =

d

16�

or

m(�; Æ) = 
(

d

�

)

This is a lower bound on m.

7.4.3 Lower Bound - Non Feasible

We will now 
onsider the 
ase where the hypothesis 
lass is non-feasible. That is, it is

not guaranteed that it in
ludes an hypothesis whi
h is a good approximation of the target

fun
tion.

We will fo
us on a simple 
ase where H in
ludes only two hypotheses.

Theorem 7.3 If H is a hypothesis 
lass that in
lude only two hypotheses (and is not obliged

to in
lude the target 
on
ept 


t

), then

m(�; Æ) = 
(

log

1

Æ

�

2

)

Proof: Let H = fh

0

; h

1

g where h

b

(x) = b (that is, h

0

is a 
onstant fun
tions that always

returns 0 and h

1

is a 
onstant fun
tions that always returns 1). The algorithm will simply

return one of these hypotheses a

ording to the majority on the examples.

Let D

0

and D

1

be two distributions of the form:

D

0

=

(

1

2

� 
 < x; 1 >

1

2

+ 
 < x; 0 >

D

1

=

(

1

2

+ 
 < x; 1 >

1

2

� 
 < x; 0 >

Basi
ally, we want our learning algorithm to return h

0

if we are using the distribution

D

0

and h

1

if we are using the distribution D

0

. Clearly, sin
e the two distributions are very


lose, if we will not have enough examples, we will not be able to determine whether the

sample 
ame form D

0

or D

1

.

A

ording to Cherno�:

e




2

m

= Æ
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Hen
e:

m =

1




2

log(

1

Æ

)

(The full details of this proof are not en
losed) 2

7.5 Upper Bound

We will now turn to the important appli
ation of the VC-dimension - deriving the upper

bound on the sample size. Obviously, proving an upper bound, also indi
ates that a learning

algorithm using that bound is valid and possible.

7.5.1 �-net notion

De�nition Given a target 
on
ept 
, we shall de�ne the �-bad 
on
epts as the group of all

the 
on
epts that have an error larger than �. Formally:

B

�

(
) = fhjerror(h; 
) > �g

We show that if we perform a large enough sampling, then none of these fun
tions will be


onsistent with the sample.

De�nition A set of points, S, is an �-net for 
 with respe
t to a distribution D, if for ea
h


on
ept h 2 B

�

(
) there exists a point x 2 S su
h that h(x) 6= 
(x).

The important property of �-nets is that if the sample S drawn by a learning algorithm

forms an �-net for 
, and the learning algorithm outputs a hypothesis h 2 C that is 
onsistent

with S, then this hypothesis must have error less than �. Thus if we 
an bound the probability

that the random sample S fails to form an �-net for 
, then we have bounded the probability

that a hypothesis 
onsistent with S has error greater than �.

For this dis
ussion we will use a sample set that is build of two parts.

Assume the sample S

1

of m examples drown a

ording to D, is not an �-net. Denote this

event as A. We want to bound the probability of this event as it bounds the probability of

failure.

Assume A holds. Then there are 
on
epts in B

�

(
) whi
h are 
onsistent with S

1

. Let h be

an �-bad hypothesis 
onsistent with S

1

.

Designate an additional sample S

2

of m points. The expe
tation of the error of h is at least

�, thus with a probability of

1

2

there will be more than

�m

2

errors, for m = jS

2

j = O(

1

�

)
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De�ne B as the event that there exists a fun
tion h 2 B

�

(
) su
h that h is 
onsistent

with S

1

and has

�m

2

errors on S

2

. Thus:

Pr[BjA℄ �

1

2

but

Pr[B℄ = Pr[BjA℄ � Pr[A℄

from whi
h follows:

2 � Pr[B℄ � Pr[A℄

We 
an thus �rst �nd a bound on the probability of B, and this will apply a bound on the

probability of A. The main advantage is that the event B is de�ned on the �nite set of

points S

1

[ S

2

.

Let's de�ne F as the proje
tion of C to S

1

[ S

2

. Formally:

F = �




(S

1

[ S

2

)

Later we will bound the size of F (jF j).

We will de�ne the group of errors in h as follows:

ER(h) = fx : x 2 S

1

[ S

2

and 
(x) 6= h(x)g

We assumed that ER(h) has at least

�m

2

elements be
ause in S

2

there are at least

�m

2

elements

from ER(h). That is, jER(h)j �

�m

2

.

We are interested in the events:

Event A: ER(h) \ S

1

= ;

and

Event B:

(

ER(h) \ S

1

= ;

ER(h) \ S

2

= ER(h)

We wish to analyze the probability that h 2 B

�

stays 
onsistent with S

1

and that S

2

has

at least

�m

2

errors. Sin
e we 
hose both S

1

and S

2

from the i.i.d. distribution D, we 
an

build the distribution on S

1

and S

2

as follows: We sample 2m points S

1

[ S

2

and divide the

sample randomly, between S

1

and S

2

. This is exa
tly the same distribution, be
ause any

ordering of the 2m elements, separated into 2 groups randomly, is the same as sampling S

1

and then S

2

(due to the i.i.d property).

Our problem is now redu
ed to the following simple 
ombinatorial experiment: we have

2m balls (the set S = S

1

[ S

2

), ea
h 
olored bla
k or white, with exa
tly l �

�m

2

bla
k balls
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(these are the points of S that h fails on them). We divide these balls randomly into two

groups of equal sizes S

1

and S

2

, and we are interested in bounding the probability that all

the bla
k balls fall in S

2

.

Let's 
al
ulate the number of possible divisions. The number of ways we 
an 
hoose l

elements from 2m elements is:

 

2m

l

!

To see that this is the number of ways, assume that slots 1 to m are S

1

and m + 1 to 2m

are S

2

. We want to pla
e l bla
k balls in the 2m slots, so this is the number of possible

pla
ements. The probability that all of the l bla
k balls fall into S

2

is exa
tly

 

m

l

!

 

2m

l

!

Sin
e, for all the balls to be in S

2

we have only m slots for l balls, we get:

 

m

l

!

 

2m

l

!

=

l�1

Y

i=0

m� i

2m� i

�

1

2

l

The last inequality is an approximation, assuming that ea
h bla
k ball 
an fall into S

2

with

probability

1

2

- thus the probability that all the bla
k balls will fall into S

2

is

1

2

l

. This is

of 
ourse not a

urate, as the bla
k balls' probabilities are not independent (we must have

exa
tly m balls in ea
h group), but this is a good approximation.

We 
an now bound the probabilities of A and B.

Pr[B℄ � jF j � 2

�l

� jF j � 2

��m=2

Hen
e:

Pr[A℄ � 2Pr[B℄ � 2jF j � 2

��m=2

Thus, in order for our 
on�den
e level (Æ) to satisfy our goal, we will require:

Æ � Pr[A℄

And we get that the sample size should be:

m = O(

1

�

log

1

Æ

+

1

�

log jF j)
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The only issue we still have to resolve is a bound on the size of F . As we re
all, F is a

proje
tion of 
 on a set with 2m elements. We will show, that �




(S

1

[S

2

) � (2m)

d

. We will

de�ne a re
ursion whi
h we will later prove bounds the number of 
on
ept in the proje
tion.

De�nition De�ne the fun
tion J as follows:

J(m; d) = j(m� 1; d) + J(m� 1; d� 1)

with the initial 
onditions:

J(m; 0) = 1

J(0; d) = 1

Solving this re
ursion (not detailed here) gives:

J(m; d) =

d

X

i=0

 

m

i

!

� m

d

We will use this fun
tion to bound �




(S) whi
h will yield a bound on jF j.

Claim 7.4 Let V C � dim(C) = d and jSj = m, then

�




(S) � J(m; d)

Proof: The proof is by indu
tion on both d and m. For the base 
ases, the 
laim is

easily established when d = 0 and m is arbitrary, and when m = 0 and d is arbitrary.

We assume for indu
tion that for allm

0

; d

0

su
h that d

0

+m

0

� d+m, we have �




(S) � J(m; d).

We now show that this indu
tive assumption establishes the desired statement for d and m.

Let S = fx

1

; : : : ; x

m

g be a set of m di�erent points and let C

S

be the proje
tion of the


on
ept 
lass C on S. Namely,

�




(S) = C

S

= f
 \ Sj
 2 Cg

We will show that for every S : jC

S

j � J(m; d).

We de�ne a new set T whi
h is the set S after extra
ting the last point:

T = fx

1

; : : : ; x

m�1

g = S � fx

m

g ; jT j = m� 1

De�ne C

�

as all the assignments over T whi
h 
an be 
ompleted either by x

m

= 0 or by

x

m

= 1. Then jC

�

j 
ounts the number of pairs of sets in �

C

(S) that are 
ollapsed to a single

representative in C

T

= �

C

(S � fx

m

g). We thus have:

jC

S

j = jC

T

j+ jC

�

j
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Trivially, every 
on
ept in C

S

appears in C

T

, and if it appears twi
e it is also 
ounted in C

�

.

We now bound C

T

and C

�

separately. The bound for C

T

, from the indu
tion hypothesis,

is

jC

T

j � J(m� 1; d)

We 
laim that the bound for C

�

is,

jC

�

j � J(m� 1; d� 1)

Note that if C

�

shatters a set fx

1

; :::; x

i

g then C shatters the set fx

1

; :::; x

i

; x

m

g, sin
e ea
h

fun
tion 
an be 
ompleted in two di�erent ways. By de�nition of C

�

, for every assignment

of x

1

; :::; x

i

there exist a pair of 
on
epts: 


0

; 


1

2 C that are 
onsistent with 


1

(x

m

) = 1 and




0

(x

m

) = 0. Hen
e, if C

�

shatters a set of size i, then C shatters a set of size i+1. Sin
e we

assume V C � dim(C) = d, then V Cdim(C

�

) � d� 1.

Let's look at an example: Assume x

1

; x

7

; x

12

2 T , are shattered by C. Clearly, they will also

be shattered by C

�

. But then, x

1

; x

7

; x

12

; x

m

are also shattered by C, as it in
ludes both 0

and 1 as assignments for x

m

. Thus, if C

�

shatters k points, C shatters k + 1 points.

Hen
e:

jC

S

j = jC

T

j+ jC

�

j � J(m� 1; d) + J(m� 1; d� 1) = J(m; d)

whi
h 
on
ludes the proof of the Claim. 2

Let's explore the fun
tion J. As we re
all,

J(m; d) =

d

X

i=0

 

m

i

!

� m

d

This fun
tion has two behaviors:

d

X

i=0

 

m

i

!

� m

d

=

(

2

m

d � m

(2m)

d

d� m

That is, the fun
tion grows exponentially with d until d rea
hes m and then it grows expo-

nentially with m. From that we 
an 
on
lude that the number of fun
tions in the proje
tion


an either grow as 2

m

or fall to (2m

d

). No intermediate behaviors exist.

Hen
e:

m � C(

1

�

log

1

Æ

+

1

�

logm

d

)

) m � C(

1

�

log

1

Æ

+

d

�

logm)

) m � C(

1

�

log

1

Æ

+

d

�

log

d

�

)

As we 
an see above, we 
an a
tually bound the size of the sample with a fun
tion of the

V C � dim alone.

It is also worth noting that the di�eren
e between the lower bound and the upper bound we

found are relatively small.
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